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Abstract 

This article is an overview of the results obtained in recent years on symplectic connections. We 
present what is known about preferred connections (critical points of a variational principle). The 
class of Ricci-type connections (for which the curvature is entirely determined by the Ricci tensor) 
is described in detail, as well as its far reaching generalization to special connections. A twistorial 
construction shows a relation between Ricci-type connections and complex geometry. We give a 
construction of Ricci-flat symplectic connections. We end up by presenting, through an explicit 
example, an approach to noncommutative symplectic symmetric spaces. 
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1 Introduction 



Symplectic geometry is by nature non-local. This is emphasized in particular by the classical Darboux 
theorem. The introduction on a given symplectic manifold of a symplectic connection, which is a 
tool adapted to local computations, may seem inappropriate. The aim of this survey is to show that 
symplectic geometry in the presence of special symplectic connections becomes highly rigid. More 
precisely there exists a family of universal models such that any symplectic manifold admitting such 
a special symplectic connection is locally symplectically and affinely equivalent to a particular model 
of the family. This local rigidity becomes a global rigidity if one requires compactness and simple 
connectedness. 

It also appears that a twistor bundle over some of these symplectic manifolds with special connections 
admits a natural structure of complex analytic manifold. 

Among the universal models there are certain symmetric symplectic spaces. These are particular 
manifolds where quantisation (whether formal or convergent) may be performed explicitly; hence they 
are a good framework for non-commutative geometry. 

Although this survey is not exhaustive we have taken care to explain various criteria for choosing 
particular symplectic connections. Construction of quantisation based on a choice of symplectic con- 
nection is reduced here to one example, but we believe this example shows possibilities for development. 
We hope that this overview may lead others to investigate the interplay of symplectic geometry and 
symplectic connections. 

2 Definitions and basic facts about symplectic connections 

2.1 Existence and non-uniqueness 

Definition 2.1 Let (M, uj) be a smooth symplectic manifold of dimension 2n (i.e. oj is a closed non- 
degenerate 2- form on M). A symplectic connection on (M, w) is a smooth linear connection V such 
that: 

- its torsion T v vanishes 

(^ T V (X, Y) := V X Y - V Y X - [X, Y] = 0); 

- the symplectic form u> is parallel 

(^ (Vxw)(y, Z) := X(u(Y, Z)) - uj(W x Y, Z) - u(Y, W X Z) = 0). 

To prove the existence of such a connection, take V° any torsion free linear connection (for instance, 
the Levi Civita connection associated to a metric g on M). Consider the tensor N on M defined by 

V° x u(Y,Z)=:u(N(X,Y),Z). 

Since w is skewsymmetric we have u>(N(X, Y),Z) = —u)(N(X,Z),Y) and since w is closed we have 
Q) uj(N(X, Y), Z) = where (J) denotes the sum over cyclic permutations of the indices X, Y and 

XYZ XYZ 

Z. Define 

VxY := V° x Y + ±N(X, Y) + ±N(Y, X). 
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Then V is torsion free and: 

V x lu(Y, Z) = X(u(y, Z)) - lo(V x Y, Z) - u(Y, V X Z) 

= V° x uj(Y, Z) - ±w(N(X, Y),Z) - ^(N(Y, X),Z) 

~wpr, N(X, Z)) - ±w(Y, N(Z, X)) 
= V x u{Y, Z) - ^(N(X, Y),Z) - \u>{N(Y, X),Z) 

~ui{N{X, Y),Z)- ^(N(Z, Y),X) 

= (1 - I ~ l)u(N(X, Y), Z) + ^(N(X, Z),Y) = 

so the linear connection V is symplectic. 

We shall now see how (non)-unique is a symplectic connection. Take V symplectic; then V X Y := 
V X Y + S(X, Y) is symplectic if and only if S(X, Y) = S(Y, X) (torsion free) and 

=V>(7,2) 

= y x u(Y, Z) - lu{S(X, Y), Z) - lo(Y, S(X, Z)) 
= -lo(S(X,Y),Z)+lu(S(X, Z),Y), 

hence if and only if w(S(X, Y), Z) is totally symmetric. 
Summarising we can now state the well known result: 

Theorem 2.2 On a symplectic manifold (M,u>) there always exist symplectic connections. The set of 
symplectic connections is an affine space modelled on the space of contravariant symmetric 3-tensor 
fields on M, T°°(S 3 TM). 

2.2 Where do symplectic connections arise? 

The notion of symplectic connection is intimately related to that of natural formal deformation quanti- 
sation at order 2. Quantisation of a classical system is a way to pass from classical to quantum results. 
Deformation quantisation was introduced by Flato, Lichnerowicz and Sternheimer in |26| and in [S]; 
they 

"suggest that quantisation be understood as a deformation of the structure of the algebra of classical 
observables rather than a radical change in the nature of the observables." 

So deformation quantisation is defined in terms of a star product which is a formal deformation of 
the algebraic structure of the space of smooth functions on a symplectic (or more generally a Poisson) 
manifold. The associative structure given by the usual product of functions and the Lie structure given 
by the Poisson bracket are simultaneously deformed. Let us recall that if (M, ui) is a symplectic manifold 
and if u, v € C°°(M), the Poisson bracket of u and v is defined by 

{u, v} := X u (v) = uj(X v , X u ), 

where X u denotes the Hamiltonian vector field corresponding to the function u, i.e. such that i(X u )uj — 
du. 
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Definition 2.3 A star product on a symplectic manifold (M,u>) is a bilinear map 

C°°(Af) x C°°(M) -> C°°(M)[[i/]] (u,«) !-►«*„« :=^VCV(u,?;) 

such that 

(it * y) * 10 = u * (w * w) (when extended R[[/^]] linearly); 
Cq(u, v) — uv Ci(u, v) — Ci(v, u) = {it, v}; 
\*u = u*l=u. 

If all the C r 's are bidifferential operators; one speaks of a differential star product; if, furthermore, 
each C r is of order < r in each argument, one speaks of a natural star product. 

The link between symplectic connections and star products appear already in the seminal paper [3] 
where the authors observe that if there is a flat symplectic connection V on (M, oj), one can generalise 
the classical formula for Moyal star product *m defined on M 2 " with a constant symplectic 2-form. 

Fedosov, proved more generally that given any symplectic connection V, one can construct a star 
product (in [27J it was proposed that a triple (M, ui, V) be known as a Fedosov manifold): 

Theorem 2.4 \25\j Given a symplectic connection V and a sequence il = X)fe°=i v u k of closed 2- 
forms on a symplectic manifold (M,lo), one can build a star product *v,n on it- This is obtained by 
identifying the space C°°(JVf)[[z/]] with a subalgebra of the algebra of sections of a bundle of associative 
algebras (called the Weyl bundle) on M. The subalgebra is the one of flat sections of the Weyl bundle, 
when this bundle is endowed with a flat connection whose construction is determined by the choices 
made of the connection on M and of the sequence of closed 2- forms on M . 

Reciprocally a natural star product determines a symplectic connection. This was first observed by 
Lichnerowicz 33 for a restricted class of star products. 

Theorem 2.5 A natural star product at order 2 determines a unique symplectic connection. 

2.3 When is there a "natural" unique symplectic connection? 

To have a canonical choice of symplectic connection on (M,ui), one needs some extra structure on the 
manifold. 

• Example 1: pseudo-Kahler manifolds 

Choose an almost complex structure J on (M, oj) [i.e. J : TM — > TM is a bundle endomorphism so 
that J 2 = - Id] so that uj(JX,JY) = w(X,Y)]. 

A symplectic connection V preserves J [i.e. VJ = 0] if and only if it is the Levi Civita connection 
associated to the pseudo Riemannian metric g(X,Y) := ui(X, JY). It is thus unique and it only exists 
in a (pseudo- )Kahler situation. 

• Example 2: symmetric symplectic spaces 

Intuitively, a symmetric symplectic space is a symplectic manifold with symmetries attached to each of 
its points. Precisely: 

Definition 2.6 A symmetric symplectic space is a triple (M, uj,S) where (M,u>) is a symplectic 
manifold and where S is a smooth map S : M x M — > M such that, defining for any point x € M the 
map (called the symmetry at x): 

s x := S(x, •) : M -v M, 
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each s x squares to the identity [s 2 = Id] and is a symplectomorphism of (M, u>) [s*lu = uj], 
x is an isolated fixed point of s x , and s x s y s x = s SxV for any x,y G M. 

Proposition 2.7 '4-1 On a symmetric symplectic space, there is a unique symplectic connection for 
which each s x is an affinity. It is explicitly given by 

lu x {V x Y, Z) = X -X x uj{Y + s x *Y, Z). 

• In the two examples above, the choice of symplectic connection was imposed by the presence of 
an additional structure. To select a "small" class of symplectic connections on a symplectic manifold 
without any additional structure, one has to choose some restrictive conditions. One way to proceed is 
to impose some system of equations on the curvature tensor. 

2.4 Curvature tensor of a symplectic connection 

The curvature tensor i? v of a linear connection V is the 2-form on M with values in the endomor- 
phisms of the tangent bundle defined by 

R V (X, Y)Z = (V x Vy - VyVx - Vpc.y]) Z (1) 

for vector fields X, Y, Z on M. If V is symplectic, R^(X,Y) has values in the symplectic Lie algebra 
sp(T x M,uj x ) ={ie End(T x M) | uj x (Au, v) + uj x {u, Av) = 0, Vu,w G T X M}. 
The curvature tensor satisfies the first Bianchi identity 

© R v (X,Y)Z = 

X,Y,Z 

where (J) denotes the sum over the cyclic permutations of the listed set of elements, and the second 
Bianchi identity 

© (v x i? v )(y,z) = o. 

X,Y,Z 

The Ricci tensor r v is the 2-tensor 

r w (X,Y) = Tr (Z h-> R^(X,Z)Y) . (2) 

The first Bianchi identity implies that r v is symmetric. 

One can define a second trace r' x (X,Y) := w(i?J(ej, e l )X, F) where the ei constitute a basis of 
T X M and the e % constitute the dual basis of T X M (i.e. such that (^(e^e^) = 6f). Then Bianchi's first 
identity implies that r' = — 2r v . 

Since the Ricci tensor is symmetric and one only has a skewsymmetric contravariant 2-tensor on M 
(the Poisson tensor related to the symplectic form) there is no "scalar curvature" . 

The symplectic curvature tensor is defined as 

R V (X,Y,Z,T) := uj(R v {X,Y)Z,T). (3) 

It is antisymmetric in its first two arguments and symmetric in its last two. Hence R^ is in A 2 (T*M) (g> 
S 2 (T*M). To understand Bianchi's first identity we introduce the operators of symmetrisation and 
skewsymmetrisation arising in the Koszul long exact sequence. 
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2.4.1 The Koszul long exact sequence 

Given any finite dimensional vector space V, the Koszul long exact sequence has the following form: 

— ► S q (V)-^V ® ^(VQ-^AV ® S 9 " 2 (y)-^ ^A'-^TO ® V-^+A«(y) — » 

where a is the skewsymmetrisation operator: 

p 



a(w 1 A . . . A (g) w 1 ■ ■ ■ w p ) = y~] v 1 A . . . A v q A w l ® w 1 • • • tu' -1 u; i+1 • • • w p . 

i=l 

The symmetrisation operator reads: 

<? 

A . . . A v q © w 1 • • • w p ) £](-:L)«-V A . . . u*" 1 A . . . A v q <g> v l ■ w 1 ■ ■ ■ w p . 

i=l 

These two operators satisfy a 2 = 0, s 2 = 0, (a s + s oa)\ AqvissP(v) = (p + g) Id. 

The first Bianchi identity on the value at a point ir of the symplectic curvature tensor takes the 
form: 

© R X (X,Y,Z,T) = 0^R% ekerac A 2 {T*M) ® S 2 (T*M). 

X,Y,Z 

The space ffl x of 4-tensors satisfying the algebraic identities of a symplectic curvature tensor at x is: 
^:=kera, 2 2 ~ (V ® S 3 {V)) / S A {V) for V = T*M. 

— x Ia 2 (v)®s 2 (v) ^ \ ij I \ / x 

2.4.2 Decomposition of the curvature 

The group Sp(T x M,w x ) = { A 6 End(T x M) | ^(Ait, Aw) = w x (u,u) Vu,w G T X M } acts on7 = T*M 
and thus on ^ ~ (V <g> S 3 (V)) /5* 4 (U). Under this action the space V © S 3 (V), in dimension 2n > 4, 
decomposes into three irreducible subspaces (S 4 (V) © S' 2 (V) © 1¥ where S" 2 (U) = a(s{uj x <g> S' 2 (U))) ~ 
S 2 (U)so that: 

S% x =g_ x ®W^. 

The decomposition of the symplectic curvature tensor ijj into its ^ component (denoted E^) and its 
y T component (denoted W x ) , 

is given by 

E%{X,Y,Z,T) = --^-L_[2^(X,r)rJ(Z,T)+c(X,Z)rJ(y,T) 

+u x (X, T)r J (Y, Z) - c K ( Y, Z)r v x (X, T) - u x (Y, T)r J (X, Z)] . 
The corresponding decomposition of the curvature tensor (see Vaisman 45 ) has the form 

RV = Ej + W x 7 , (4) 

where 

E V (X,Y)Z = ^j^\2bj{X,Y)p w Z + uj(X,Z)p v Y -uj(Y,Z)p v X (5) 
+u>(X, p v Z)Y - u(Y, p v Z)X 
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with r v converted into an endomorphism p v given by 

u;(X,p v Y)=r v (X,Y). 



(6) 



Definition 2.8 A symplectic connection V on (M, to) will be said to be of Ricci-type if W^ 7 = 0; it 
will be said to be Ricci-flat if E v = (hence if and only if r v =0). 

One can combine restricting the holonomy algebra g C sp(M. 2n , fl) and the vanishing of some components 
of the curvature when the curvature is decomposed into irreducible components under the action of q 
to define special symplectic connections; these will appear in section [5] 

2.5 Variational principle 

To select symplectic connections through a variational principle ^3], one can consider a Lagrangian 
L(i? v ), which is a polynomial in the curvature of the connection V, invariant under the action of the 
symplectic group 

/ L{R w )u n . 
Jm 

From what we have seen before, there is no invariant polynomial of degree 1 in the curvature, so the 
easiest choice is a polynomial of degree 2 in i? v . The space of degree 2 polynomials in the curvature 
which are invariant under the action of the symplectic group is 2-dimensional and spanned by -E v ■ i? v 
and Vt /V ■ W v (or, equivalently by i? v • i? v and r v • r v ) where • denotes the symmetric function- valued 
product of tensors induced by ui and S ■ T, for S and T tensor-fields on M of the same type, is given in 
local coordinates by 

S - T — (lo- 1 ) 1 ^ ■ ■ ■ ko- x ) i " i 't>u hjl ■■■oj j v S^-flf-^ . 

From Chern-Weil theory we know that the first Pontryagin class is represented by a 4-form -Pi(V) 
which is built from an invariant combination of the curvature and the symplectic form. In fact 

Pi (V) A L0 n - 2 = — i-^ [r v • r v - ip v ■ R v }u n 

Since this combination will be constant under variations, all non-trivial Euler equations coming from a 
variational principle built from a second order invariant polynomial in the curvature are the same and 
take the form: 

© (Vxr v )(F,Z) = 0. (7) 

X,Y,Z 

Definition 2.9 A symplectic connection V is said to be preferred if it is a solution of Equation 0. 

3 Preferred symplectic connections 

The preferred symplectic connections V on a symplectic manifold (M , lu) of dimension 2n are critical 
points of the functional 

/ Tr(pV )2 ^ 



G 



where p v is the Ricci endomorphism as previously defined in @ ■ They obey the system of second order 
partial differential equations 

& (V x r v )(Y,Z) = 

X,Y,Z 

where r v is the Ricci tensor of the connection V. 

The basic problem is to determine if on a given manifold [M, to) there exists a preferred connection and 
"how many" different ones may occur; two solutions are different in this context if they are not related 
through a symplectic diffeomorphism. 

This basic problem is essentially solved when (M, u>) is a compact orientable surface. We give also 
a partial answer for the standard symplectic plane (R 2 ,f2o). 

When the dimension of M is > 4, we can give large classes of examples of preferred connections: 

(i) examples of symplectic manifolds admitting a Ricci-flat connection; 

(ii) examples of symplectic manifolds admitting a "Ricci-parallel" connection; 

(iii) examples of homogeneous symplectic manifolds admitting a homogeneous preferred symplectic 
connection. 

3.1 Preferred symplectic connections in dimension 2 

The study of preferred connections in dimension 2 relies on a function (3, depending on the connection, 
which first appears in 

Lemma 3.1 Let (M,lu) be a symplectic surface and let V be a preferred symplectic connection on 
it. Then 

(i) there exists a l-form u such that, for any vector fields X,Y,Z one has 

(Vxr v )(Y, Z) = u(Y, X)u(Z) + u(Z, X)u(Y); (8) 

(ii) there exists a function (3 such that 

Vjf u = (3uj; (9) 

(iii) defining the vector field u by 

i{u)w = u, 

one has, for any vector fields X,Y: 

Xf3 = -r v (X,u), 
(V 2 (3)(X,Y) - -u(X)u(Y)+(3r^(X,Y); 

(iv) there exist two real numbers A and B such that 

r v (u,u) = (3 2 + B, 
jTr(p v ) 2 = (3 + A. 

Hence V is locally symmetric (i.e. Vi? v = 0) if and only if /3 = 0. If M is compact, the second 
property above shows that can not be a non-vanishing constant (it would indeed imply that the 
symplectic 2-form uj be exact). If j3 is not a constant and M is compact, a detailed study of the critical 
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points of (3 permits to show that no compact symplectic surface of positive genus admits a non-locally 
symmetric preferred symplectic connection. The case of the 2-sphere is more delicate and requires 
precise estimates. The conclusion is 

Theorem 3.2 \lcl\j A preferred connection on a compact symplectic surface is necessarily locally sym- 
metric. 

Globally symmetric symplectic surfaces may be completely described. Locally symmetric symplectic 
surfaces may be simply related to the globally symmetric ones provided the connection is geodesically 
complete. A case by case analysis leads to 

Theorem 3.3 11, 'A ^ Let (M, w,V) be a compact symplectic surface endowed with a complete locally 
symmetric symplectic connection. Then, up to diffeomorphisms, either 

• M is the 2-sphere S 2 with lu a multiple of the standard volume form and with V the Levi Civita 
connection of the standard Riemannian metric with constant positive curvature equal to 1; 

• M is the torus T 2 with u> a multiple of the standard invariant volume form and with V a flat 
afflne symplectic connection; 

• M is a surface Y> g of genus g > 2 with V a multiple of the standard volume form inherited from 
the disk and with V the connection associated to a metric h of constant negative curvature equal 
to -1. 

What can be said about the existence and the number of different complete preferred connections 
on a given compact symplectic surface? 

Consider the case of S 2 with a symplectic structure u>. There exists a positive real number k so that 
Jg2 w = k J S 2 too where loq is the standard symplectic structure on S* 2 defining the same orientation as u>. 
Thus the de Rham cohomology classes defined by lo and kujQ are the same. Furthermore (1 — t)u> + tkujQ 
is symplectic for any t S [0, 1] and defines the same cohomology class. By Moser's stability theorem 
(see E2I)) there exists a 1-parametric family ip t of diffeomorphisms of the sphere S 2 such that ipo = id 
and (p*u> = kujQ. If go is the standard metric on S 2 , define the metric g on the sphere to be such that 
<~p\g = kgo- The Levi Civita connection associated to g is clearly symplectic relative to u> and symmetric, 
hence preferred. Furthermore, if V is another symplectic connection on (S ,u>) which is preferred and 
complete, it is automatically symmetric since S 2 is simply connected and it coincides with V. Thus 

Theorem 3.4 llty On (S 2 ,lu) there exists a complete symplectic preferred connection and any complete 
preferred connection is the image of that one through a symplectomorphism. 

The result on the existence is obtained similarly on the torus T 2 or the surface S 9 endowed with any 
symplectic structure. In these cases, there is no unicity (because of the choice of the affine connection 
or the choice of the metric). 

The non-compact situation is more complicated. One can show that on the plane endowed with 
the standard constant symplectic structure (M 2 , &o), there exist five affmely distinct globally symmetric 
complete symplectic connections. There also exist a 2-parametric family of non-homogeneous preferred 
symplectic connections which are not locally symmetric. 
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3.2 Ricci-flat connections 

A symplectic connection is said to be Ricci-flat if its Ricci tensor r v vanishes. Obviously, those give 
examples of preferred connections! We explain in Section a construction of Ricci-flat connections: 
when a symplectic manifold (M, oj) of dimension 2n > 4 is the first element of a contact quadruple, 
any symplectic connection V on (M , u>) can be lifted to define a Ricci-flat symplectic connection on a 
certain symplectic manifold (P, a/) of dimension 2n + 2. This procedure gives examples of Ricci-flat, 
non-flat, symplectic connections in any dimension > 6. 

3.3 Ricci-parallel symplectic connections 

Let (M, w,V) be a symplectic manifold with a symplectic connection; assume there exists on this 
manifold a compatible almost complex structure J (i.e. at each point x in M, J x £ End(T a; Af ) , J 2 = 
— Id, oj(JX, JY) = u>(X, Y)) which is parallel (i.e. VJ = 0). Then the pseudo-riemannian metric g 
defined by g (X, Y) := ui(X, JY) is also parallel, so the connection is the Levi Civita connection for g 
and the manifold is pseudo-Kahler. If this connection is preferred one has: 

Theorem 3.5 Let (M, w, J) be a pseudo-Kahler manifold. If the Levi Civita connection is pre- 
ferred, then the Ricci tensor is parallel. 

This gives examples of Ricci-parallel symplectic connections. 

Consider now a symplectic manifold (M, uj) endowed with a Ricci-parallel symplectic connection V. 
Write 

T X M C = ® X£spec {T x M c ) x 
where (T X M C ) X is the generalised eigenspace for pj,i.e. 

{T X M C ) X = {Xe T X M C | (p v - \) 2n X = 0} 

and spec denotes the set of different eigenvalues of pj on T X M C . 

Observe that (T X M C )\ and (T X M C )^ are orthogonal with respect to the symplectic form oj x unless 
/i = —A. We define real symplectic subspaces of T X M: 

R\, for each real positive eigenvalue A, so that the complexification of R\ is given by i?^ = (T X M C )\ © 
(T x M c )-\; we denote by R the set of such eigenvalues; 

I\ for each purely imaginary eigenvalue A — ia, a > 0, so that its complexification is 1^ = (T X M C )\ © 
(T X A1 C )_\; we denote by / the set of such eigenvalues; 

C\ for each eigenvalue A = a + ib, a > 0, b > 0, so that its complexification is — {T X M C )\ © 
(T X M C )_ X © (T x M c )j® (T x M c )_j; we denote by C the set of such eigenvalues. 
They give a symplectic orthogonal decomposition of T X M: 

T X M = T X M Q © (®xeB.R\) © (®xeih) © (©ascCa). 

Ricci-parallel implies that the Ricci endomorphism p v commutes with all curvature endomorphisms 
so that all distributions corresponding to the above defined subspaces are parallel. We get 

Theorem 3.6 ] 19\ \lb^ Let (M,lu) be a 2n- dimensional symplectic manifold endowed with a symplectic 
connection V whose Ricci tensor is parallel. Assume that the Ricci tensor is not degenerate. Then 
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1 the connection V is the Levi Civita connection associated to the metric defined by the Ricci tensor 

2 the distributions R\, I\, C\ are parallel, symplectic, and p v restricted to any of these is semisimple; 

3 if M is simply connected and V complete, then M is symplectomorphic and affinely equivalent to 
the product of the symplectic submanifolds corresponding to the integral leaves of the distributions 
R\, I\,C\; 

4 the manifolds corresponding to the leaves of R\ admit two parallel, transverse Lagrangian folia- 
tions; those corresponding to I\ are Kahler- Einstein manifolds; those corresponding to C\ have 
dimension 4fc if k is the multiplicity of A and also admit two parallel transverse Lagrangian folia- 
tions; 

5 if all the eigenvalues of p v have multiplicity one, the factors are two dimensional or four dimen- 
sional symplectic symmetric spaces. 

3.4 Homogeneous preferred connections 

If (M, u>) is a connected, simply connected, compact, homogeneous, symplectic manifold, a classical 
result of Kostant tells us that (Af, to) is symplectomorphic to a coadjoint orbit of a compact semi simple 
Lie group G, endowed with its standard Lie-Kirillov-Kostant-Souriau symplectic structure. 

Let V be a symplectic connection on (M, oj) stable by the action of G. Let p 6 M and let ir : 
G — > M g i— » g.p be the canonical projection related to the choice of the base point p. Let H be 
the stabilizer of p in G (H := {j £ G, | g.p = p}) and let g (resp. f)) be the Lie algebra of G (resp. 
H). For any element leg, let X* denotes the fundamental vector field on M associated to X, i.e. 
X* — exp — tX.x. Write g = [j ©m where m is the orthogonal to f) relative to the Killing form. Each 
tangent vector at p is the value at p of a (unique) fundamental vector field Y* with Y G m. Define a 
map D : m — > End(m) by 

(V X *Y*) P = (D(X)Y)* p . 
This map D entirely determines the G-invariant connection V. It satisfies two conditions: 

D(X)Y -D(Y)X -7r m ([X,Y}) = 
fl(D(Y)X,Z) + n(Y,D{Z)X) = (10) 

where 7r m is the projection of g on m relatively to the decomposition g = rj © m, and where = 
(7r*cj p )| mxm . The space of invariant homogeneous symplectic connections on M may be identified to the 
space of maps D : m — > End(m) satisfying the conditions 1101 Such a connection is preferred if it is a 
critical point of the functional 

^(V)= / Tr(p v ) 2 ^. 
hi n\ 

By Palais's principle, to determine the G-invariant critical points of J^, it is sufficient to determine the 
critical points of the restriction of J? to the space of G-invariant connections |HZ|- For an invariant 
connection, J reduces to Tr(p v ) 2 Vol(M) and one shows that the Ricci tensor is a polynomial of degree 
2 on D. 

Lemma 3.7 \Wj The functional J? is a fourth order polynomial on D. 
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Using the structure of semisimple algebras of compact type, one shows that this polynomial is non- 
negative and that the homogeneous polynomial corresponding to the terms of degree 4 is strictly positive 
outside the origin. In fact one replaces D by D' = D — ° ad; the conditions 1101 simply express the 
fact that the 3-form fl(D'(-)-, •) is completely symmetric. 

Lemma 3.8 JjlSf If P : C N — > K is a non-negative, real valued polynomial of order d, such that the 
homogeneous terms of order d are strictly positive outside the origin, then P has a minimum. 

From lemmas [3. 71 and l3~51 one gets: 

Theorem 3.9 Every coadjoint orbit of a compact semi-simple Lie group G admits a preferred 
invariant symplectic connection. 

In the case of a coadjoint orbit of SU(3), one can prove by direct calculation that this preferred 
connection is unique. 



4 Ricci-type connections 

Ricci-type connections were defined in Definition 12. 81 they are symplectic connections whose curvature 
tensor is entirely determined by the Ricci tensor, i.e. for which W v = 0. 

4.1 Some properties of the curvature of a Ricci-type connection 

Let (M,ui) be a smooth symplectic manifold of dim 2n (n > 2) and let V be a smooth Ricci-type 
symplectic connection. The following results follow directly from the definition (and Bianchi's second 
identity). 

Lemma 4.1 The curvature endomorphism has the form 

R V {X,Y) = - 1 - \-2lo{X,Y) P v -p v Y ®X + p v X®^-X®p v Y + Y®p v X] (11) 
2(n+l) 

where X_ denotes the 1-form i(X)u> (for X a vector field on M) and where, as before, p v is the endo- 
morphism associated to the Ricci tensor by r v (J7, V) — uj(U, p^V). 
Furthermore: 

(i) there exists a vector field C/ v such that 

V x p V = -^—r[X®U7 + U V ®X]:, (12) 
In + 1 

(ii) there exists a function / v such that 

VxUV = -i^TT) {pV)2x + fVx > (13) 

(Hi) there exists a real number K w such that 

Mp V ) 2 + ^^/ V =^ V (14) 
Corollary 4.2 Any Ricci-type symplectic connection is preferred 
The fact that \7 x r v (Y, Z) = follows immediately from (|T21) . 

XYZ 



11 



4.2 A construction by reduction 

Consider the manifold M = M. 2n+2 with its standard symplectic structure W. 
Let A be a non-zero element in the symplectic Lie algebra sp(R 2n+2 , Q'). 
Let T,a be the closed hypersurface XU C R 2n+2 defined by 

S A = {x € K 2n+2 |fi'(a;, Ax) = 1}. 

(In order for Y<a to be non-empty we replace, if necessary, A, by —A.) 

The 1-parameter subgroup exptA of the symplectic group acts on R 2 ™+ 2 , preserving ft' and S^; 
[the corresponding fundamental vector field A* on 1R 2 " +2 (defined by A* x := ^ exp — tAx\ = —Ax) is 
Hamiltonian, i.e. i(A*)ui = <1Ha, with Ha(x) = htt(x,Ax) and T,a is a level set of this Hamiltonian] . 

We shall consider the reduced space M red := £ a/ '{exptA \ t e R} with the canonical projection 
ir : Yja — > M red . This can always be locally defined as follows. 
Since the vector field Ax is nowhere on T,a, for any xo G £a, there exist: 

- a neighbourhood [/^(C S^), 

- a ball £) red c M 2n of radius ro , centred at the origin, 

- a real interval I = (— e, e) 

- and a diffeomorphism 

X : £ red x 7 - U X0 (15) 
such that x(0, 0) = xq and x{Vi t) — ex P — tA{x{y, 0)). We shall denote 

The space D red is a local version of the Marsden-Weinstein reduction of Ha around the point xq. 

If a; € Sa, T x Yja — )Ax{ , where )vi, . . . , v p ( denotes the subspace spanned by v±, . . . , v p and 
denotes the orthogonal relative to Q'; let J^f x (C T x 11a) =)x, Ax{ ; then 77*3, defines an isomorphism 
between J^ x and the tangent space T y D red for y = ir(x). 

A reduced symplectic form on D red , uj red , is defined by 

u r /J <x) (X,Y):=n' x (X x ,Y x ) (16) 

where Z denotes the horizontal lift of Z 6 T y D red ; i.e. Z £ and tt* x (Z) = Z. 

Let V be the standard flat symplectic affine connection on M. 2n+2 . The reduced symplectic 
connection V red on D red is defined by 

(V% d Y) y := 7T, x (V x F - 0'(Al,r)x + Q'(X,Y)Ax) (17) 

Proposition 4.3 TTie manifold (D red ,uj red ) is a symplectic manifold and V red is a symplectic 
connection of Ricci-type on it. 

Furthermore, a direct computation shows that the corresponding p v , t/ v and / v are given 

by: 

p Vred X(x) = -2(n+l)A^X (18) 

U vr " d (x) = -2(n + l)(2n + l)IJa; (19) 

{ir*f vred )(x) = 2(n + l)(2n+l)n'{A 2 x,Ax) (20) 
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where A k is the map induced by A k with values in Jtf x : 

A*{X) = A k X + fl'(A k X, x)Ax - rt'{A k X, Ax)x. 

4.3 Local models for Ricci-type connections 

We have seen that given a Ricci-type symplectic connection V on a symplectic manifold (M, cu) the 
curvature i? v is entirely determined by p v Ijlljl : its covariant derivative Vi? v is thus determined by 
Vp v which in turn is determined by the vector field U v (I12[l . The second covariant derivative V 2 i? v is 
determined by VZ7 V hence by p v and / v (|13|l . Since / v satisfies equation (|14|l . all successive covariant 
derivatives of the curvature tensor are determined by p v , U v and K^ 7 . 

Corollary 4.4 Let (M, lo) be a smooth symplectic manifold of dimension In (n > 2) and let V be 
a smooth Ricci-type connection. Let po S M ; then the curvature R^ and its covariant derivatives 
(V fe i? v ) pn (for all k) are determined by (pj , Uj , K v ). 

Corollary 4.5 Let (M, u>, V) (resp. (M',w',V')J be two symplectic manifolds of the same dimension 
2n (n > 2) each of them endowed with a symplectic connection of Ricci-type. Assume that there exists 
a linear map b : T Xo M — > T x i q M' such that 



i.e. there exists a normal neighbourhood of xq (resp. x' ) U XQ (resp. U' x , ) and a symplectic affine 
diffeomorphism tp : (U xo , lu, V) — + (U' x , , lu' ', V') such that ip(xo) — x' and <p* Xo = b. 

In case the symplectic manifold and the connection are real analytic, this follows from classical re- 
sults, see for instance Theorem 7.2 and Corollary 7.3 in Kobayashi-Nomizu Volume 1 [31]. However, 
connections of Ricci-type are always real analytic, as we shall see in Section |SJ 

Theorem 4.6 Any symplectic manifold with a Ricci-type connection is locally symplectically affinely 
isomorphic to the symplectic manifold with a Ricci-type connection obtained by a local reduction proce- 
dure around eo = (1,0, ... ,0) from a constraint surface XU defined by a second order polynomial Ha 
for A G sp(R 2n+2 , fi') in the standard symplectic manifold (M 2n+2 ,J7') endowed with the standard flat 
connection. 

Indeed if p G M and if £ is a symplectic frame at p [i.e. £ : (R 2 ™, f^ 2 ")) — > (T p ,u} p ) is a symplectic 
isomorphism of vector spaces] , one defines 



(i) b*uj', = uj. 




(21) 



and 







f(p) -m 



\ 



MO 



i 




(22) 







2(n+l) 



2(n+l)(2n+l) 



/ 
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with u := n'(u, •) and one looks at the reduction for this A — A(£). 



4.4 Global models for Ricci-type connections 



Theorem 4.7 If (M,uj, V) is of Ricci type with M simply connected there exists (P,ui p ) symplectic 
of dimension 2 higher with a flat connection V p so that (M, ui, V) is obtained from (P,ui p , V p ) by 
reduction. 

The manifold P is obtained as the product P = N x K of a contact manifold N and the real line 
R. The manifold N is the holonomy bundle over M corresponding to a connection defined on the 
p 2 ™+ 2 , £y)-principal bundle 



B'(M)=B(M) x Sp{ 



,Q) 



2n+2 



,fi') 



with projection 7r' : B(M)' — > M, where B{M) A M is the 5p(M 2n , f2)-principal bundle of symplectic 
frames over M and where we inject the symplectic group Sp(M. 2n , f2) into Sp(R 2n+2 , ft') as the set of 
matrices 

' h \ 
A j 



~m = 



A e S P (R 2n ,n). 



The connection 1-form a' on B'(M) is characterised by the fact that 



where 



(~v hor \ 



( 






0\) = a i {X ). 



2(n+ l)(2n+l) 




2(n+l) 




(23) 



2(n + l) 

is the horizontal lift of X in T^B(M)) 



where X € T^M with x = 7r(£) and X 

The equations satisfied by a Ricci-type connection imply that the curvature 2-form of the connection 
1-form a' is equal to — 2A'ir'*ui where A' is the unique Sp(M. 2n+2 , f2')-equi variant extension of A to 
B'(M); and this curvature 2-form is invariant by parallel transport (d a curv(a') = 0). 
Thus the holonomy algebra of a' is of dimension 1. Assume M is simply connected. The holonomy 
bundle of a' is a circle or a line bundle over M, N —> M. This bundle has a natural contact structure 
v given by the restriction to^C B{M)' of the 1-form —\cJ (viewed as real valued since it is valued in 
a 1-dimensional algebra). One has dv = tt'*lu. 

The symplectic manifold with connection (P, uj p , V p ) is then obtained by an induction procedure 
that we shall expose in a more general setting in Section 17. II 



5 Special symplectic connections 

The striking rigidity results from Section 0] on Ricci-type connections turn out to be a special case of a 
much more general phenomenon. As we saw, a connection of Ricci-type can be obtained by a symplectic 
reduction of a symplectic vector space with a flat symplectic connection. This implies, for example, 
that the local moduli space of such connections is finite dimensional. 
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As it turns out, this is merely a special case of a much broader phenomenon. Indeed, there are many 
more geometric structures which can be characterised in similar terms. For this, we call a symplectic 
connection on (Af , to) with dim M > 4 special symplectic if it belongs to one of the following classes. 

(i) Connections of Ricci-type (cf. Section 0J 

(ii) Bochner Kahler and Bochner-bi-Lagrangian connections 

If the symplectic form is the Kahler form of a (pseudo-) Kahler metric, then its curvature decom- 
poses into the Ricci curvature and the Bochner curvature (52)- If the latter vanishes, then (the 
Levi-Civita connection of) this metric is called Bochner-Kahler. 

Similarly, if the manifold is equipped with a bi-Lagrangian structure, i.e. two complementary La- 
grangian distributions, then the curvature of a symplectic connection for which both distributions 
are parallel decomposes into the Ricci curvature and the Bochner curvature. Such a connection 
is called Bochner-bi-Lagrangian if its Bochner curvature vanishes. 

For results on Bochner-Kahler and Bochner-bi-Lagrangian connections, see JH] and [HOj and the 
references cited therein. 

(iii) Connections with special symplectic holonomy 

A symplectic connection is said to have special symplectic holonomy if its holonomy is contained 
in a proper absolutely irreducible subgroup of the symplectic group. 

The special symplectic holonomies have been classified in 35. and further investigated in |14| . 

m, m, im. m 

At first, it may seem unmotivated to collect all these structures in one definition, but we shall provide 
ample justification for doing so. Indeed, there is a beautiful link between special symplectic connections 
and parabolic contact geometry. 

For this, consider a simple Lie group G with Lie algebra 0. We say that g is 2-gradable, if contains 
the root space of a long root. This is equivalent to saying that there is a decomposition as a graded 
vector space 

= 0~ 2 ©0~ 1 ©0°©0 1 ©0 2 , and [g',g 3 ]cg' +3 , (24) 

with dim0 ±2 = 1. Indeed, there is a (unique) element H ao £ [q~ 2 , 2 ] C 0° such that 0* is the eigenspace 
of &d(H ao ) with eigenvalue i = —2, . . . , 2, and any non-zero element of ±2 is a long root vector. 

Denote by p := 0° © 1 © 2 < and let P C G be the corresponding connected Lie subgroup. It 
follows that the homogeneous space ^ := G/P carries a canonical G-invariant contact structure which 
is determined by the Adp-invariant distribution g _1 modp C 0/p = T^. In fact, we may regard as 
the projectivisation of the adjoint orbit of a maximal root vector. That is, we view ¥t C P°(0) where 
P°(V) denotes the set of oriented lines through of a vector space V, so that P (V^) is the sphere in V. 

Each a € induces an action field a* on ^ with flow T a := exp(Ra) C G which hence preserves 
the contact structure on . Let ^ a C be the open subset on which a* is transversal to the contact 
distribution. There is a unique contact form a S J7 1 ('^' a ) determined by the equations that a(a*) = 1. 
That is, a* is a Reeb vector field of the contact form a. 
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We can cover ^ a by open sets U such that the local quotient Mjj := T ° C \U, i.e. the quotient of U 
by a sufficiently small neighbourhood of the identity in T tt , is a manifold. Then Mjj inherits a canonical 
symplectic structure u) G fl 2 (Mu) such that 7r*(w) = da for the canonical projection ir ; U — * Mu- 
lt is now our aim to construct a connection on Mu which is 'naturally' associated to the given 
structure. For this, we let Go C G be the connected subgroup with Lie algebra g° < g. Since 0° < p 
and hence Go C P, it follows that we have a fibration 

P/G — >G/G — >¥ = G/P. (25) 

In fact, we may interpret G/G := {(a,v) G T*<£ x T p <^ \ p G ^,a(%) = 0,a(v) = 1}, where 
3 C denotes the contact distribution. Thus, given a G 0, then for each p £ ^ we may regard the 
pair [ctp, a*) from above as a point in G/Go, i.e., we have a canonical embedding i : ^ a G/Gq. 

Let T a := 7r _1 (i('^' a )) C G where ir : G — > G/Go is the canonical projection. Then the restriction 
7r : T a — » i(%? a ) = becomes a principal Go-bundle. 

Consider the Maurer-Cartan form fx := g~ 1 dg G fi 1 (G) <E) which we decompose according to (I24|) 
as = 

Ei=- 2 Mi with /ii G ® l - Then we can show the following. 

Proposition 5.1 '221 Let a G g be such that "«f a C is non-empty, define the action field a* £ %( c &) 
and the principal Go-bundle n : T a — > ^ a iirci/i T a C G /rom above. Then we have the following. 

(i) The restriction of the components /iq + + /i_2 of the Maurer-Cartan form to T a yields a 
pointwise linear isomorphism TT a — > g° © _1 © ■ 

(ii) There is a linear map R : 0° — > A 2 (g 1 )* ® 0° and a smooth function p : T a — > 0° loii/i t/ie following 
property. If we define the differential forms k G r2 1 (r a ), $ G Q (r o ) <g> 1 and 77 G J7 1 (r a ) <g> 0° &y 
t/ie equation 

p + /i— 1 + |U_2 = -2k Q e -2 + + # + V 
for a fixed element 7^ e_2 G -2 , then the following equations hold: 

dK= - < e- 2 ,[9,0] >, (26) 

and 

dO + rj A 9 = 0, 

(27) 

dv + ^hv\ = R P (0A9). 

Since the Maurer-Cartan form and hence k, 9 and 77 are invariant under the left action of the 
subgroup T„cG, we immediately get the following 

Corollary 5.2 Jgjfl On T a \r a , there is a coframing -q + 9 G ^(T^Pa) ® (0° © 1 ) satisfying the 
structure equations \27jj for a suitable function p : T a \r a — > 0°. 

Thus, we could, in principle, regard 9 and rj as the tautological and the connection 1-form, respec- 
tively, of a connection on the principal bundle T a \r a — ► T a \r a /Go whose curvature is represented by 
R p . However, T a \r a /Go = T a \^ a will in general be neither Hausdorff nor locally Euclidean, so the 
notion of a principal bundle cannot be defined globally. 
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The way out of this difficulty is to consider local quotients only, i.e., we restrict to sufficiently small 
open subsets U C ff a for which the local quotient Tjf c \U is a manifold. Clearly, ^ a can be covered by 
such open cells. 

Moreover, if we describe explicitly the curvature endomorphisms R p for peg , then one can show 
that - depending on the choice of the 2-gradable simple Lie algebra g - the connections constructed 
above satisfy one of the conditions for a special symplectic connection mentioned before. 

More precisely, we have the following 

Theorem 5.3 ]2<tf Let g be a simple 2-gradable Lie algebra with dimg > 14, and let 'io C P°(fl) be 
the projectivisation of the adjoint orbit of a maximal root vector. Let a £ g be such that c € a C c to is 
non-empty, and let T a = cxp(Ra) C G. If for an open subset U C c <o a the local quotient M\j — T l °°\U 
is a manifold, then Mjj carries a special symplectic connection. 

The dimension restriction on g guarantees that dim Mjj > 4 and rules out the Lie algebras of type 
Ax, A 2 and B 2 . 

The type of special symplectic connection on Mjj is determined by the Lie algebra g. In fact, there 
is a one-to-one correspondence between the various conditions for special symplectic connections and 
simple 2-gradable Lie algebras. More specifically, if the Lie algebra g is of type A n , then the connections 
in Theorem 15. 31 are Bochner-Kahler of signature (p, q) if Q = su(p + 1, q + 1) or Bochner-bi-Lagrangian 
if g = s[(n,R); if g is of type C„, then g = sp(n,R) and these connections are of Ricci-type; if g is a 
2-gradable Lie algebra of one of the remaining types, then the holonomy of Mjj is contained in one of 
the special symplectic holonomy groups. Also, for two elements a, a' £ g for which Sf a , c € a i C ^€ are non- 
empty, the corresponding connections from Theorem 15.31 are equivalent if and only if a' is G-conjugate 
to a positive multiple of a. 

If T Q = S 1 then T a \^ a is an orbifold which carries a special symplectic orbifold connection by 
Theorem l5.3l Hence it may be viewed as the "standard orbifold model" for (the adjoint orbit of) a £ g. 
For example, in the case of positive definite Bochner-Kahler metrics, we have = S 2n+1 , and for 
connections of Ricci-type, we have ^ = RP 2n+1 . Thus, in both cases the orbifolds T a \^ are weighted 
projective spaces if T a = 5 1 , hence the standard orbifold models T u \? a C T a \^ are open subsets of 
weighted projective spaces. 

Surprisingly, the connections from Theorem 15.31 exhaust all special symplectic connections, at least 
locally. Namely we have the following 

Theorem 5.4 12^ Let (M,lo) be a symplectic manifold with a special symplectic connection of class 
C 4 , and let g be the Lie algebra associated to the special symplectic condition as above. 

(i) Then there is a principal T-bundle M — > M , where T is a one dimensional Lie group which is not 
necessarily connected, and this bundle carries a principal connection with curvature u>. 

(ii) Let T C T be the identity component. Then there is an a £ g such that T = T a C G, and a 
T a -equivariant local diffeomorphism i : M — > ^ a which for each sufficiently small open subset 
V C M induces a connection preserving diffeomorphism i : T loc \V — > T l ° c \U — Mjj, where 
U := i(V) C and My carries the connection from Theorem \h.'A 
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The situation in Theorem 15.41 can be illustrated by the following commutative diagram, where the 
vertical maps are quotients by the indicated Lie groups, and T\M — ► M is a regular covering. 

M (28) 

M ^ T\M T a \V a 

In fact, one might be tempted to summarize Theorems 15.31 and 15 . 41 bv saying that for each a 6 g, the 
quotient T a \% carries a canonical special symplectic connection, and the map i : T\M — > T„\^ a is a 
connection preserving local diffeomorphism. If T a \^ a is a manifold or an orbifold, then this is indeed 
correct. In general, however, TaY&a may be neither Hausdorff nor locally Euclidean, hence one has to 
formulate these results more carefully. 

As consequences, we obtain the following 

Corollary 5.5 All special symplectic connections of C 4 -regularity are analytic, and the local moduli 
space of these connections is finite dimensional, in the sense that the germ of the connection at one point 
up to 3rd order determines the connection entirely. In fact, the generic special symplectic connection 
associated to the Lie algebra g depends on (rk(g) — 1) parameters. 

Moreover, the Lie algebra s of afEne vector fields, i.e., vector fields on M whose flow preserves the 
connection, is isomorphic to stab(a) / (B,a) with a £ q from Theorem \5.4\ where stab(a) = {x £ g \ 
[x, a] = 0}. In particular, dims > rk(g) — 1 with equality implying that s is abelian. 

When counting the parameters in the above corollary, we regard homothetic special symplectic 
connections as equal, i.e. (M, lu, V) is considered equivalent to (M, e*°w, V) for all t E R. 

We can generalize Theorem 15.41 and Corollary 15.51 easily to orbifolds. Indeed, if M is an orbifold 
with a special symplectic connection, then we can write M = T\M where M is a manifold and T is a 
one dimensional Lie group acting properly and locally freely on M, and there is a local diffeomorphism 
i : M — > ^ a with the properties stated in Theorem 15. 41 

There is a remarkable similarity between the cones ^ C Qi, i — 1,2, for the simple Lie algebras 
gi := su(n + 1,1) and g2 :— sp(n, R). Namely, = S 2n+1 with the standard Ci?-structure, and gi 
is the Lie algebra of the group SU(n + 1, 1) of Ci?-isomorphisms of S 2n+1 PU]. On the other hand, 
c € 2 = MP 2 " +1 , regarded as the lines in R 2n+2 with the projectivised action of sp(n + 1,R) on R 2n+2 . 
Thus, is the universal cover of ^2, so that the local quotients TaX&a are related. In fact, we have 
the following result. 

Proposition 5.6 \3£tf Consider the action of the 2-gradable Lie algebras Qi := su(n + 1, 1) and Q2 '■— 
5p(n + 1,R) on the projectivised orbits ^\ and c € 2 , respectively. Then the following are equivalent. 

(i) For ai £ Qi the actions ofT ai C on ^ are conjugate for i = 1,2, 

(ii) ai £ u(n + 1) where u(n + 1) C 0, for i = 1,2 via the two standard embeddings. 

This together with the preceding results yields the following 

Theorem 5.7 
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(i) Let [M, w,V) be a symplectic manifold with a connection of Ricci type, and suppose that the 
corresponding element A € sp(n + 1, K) from Theorem \4- b\ is conjugate to an element o/u(n + l) C 
Spin + 1,R). Then M carries a canonical Bochner-Kahler metric whose Kdhler form is given by 

10. 

(ii) Conversely, let (M, w, J) be a Bochner-Kahler metric such that the element a G su(n + 1, 1) from 
Theorem \5.4\ is conjugate to an element o/u(n+l) C su(n + l, 1). Then (M,u>) carries a canonical 
connection of Ricci-type. 

Note that in Bochner-Kahler metrics have been locally classified. In this terminology, the 
Bochner-Kahler metrics in the above theorem are called Bochner-Kahler metrics of type I. 

6 Symplectic twistor space and Ricci-type connections 

In this section we present a result of Vaisman |4fi| which shows how the Ricci-type condition on the 
curvature of a symplectic connection can be seen as an integrability condition for an associated almost 
complex structure on the total space of a bundle over the symplectic manifold. It is far from clear what 
is the geometrical significance of this complex structure. Preliminary studies of its properties have been 
made in the PhD theses of Albuquerque pQ and Stienon 

6.1 Compatible almost complex structures 

Let (V, Q) be a finite-dimensional real symplectic vector space. We denote by Sp(V, f2) the real sym- 
plectic group of linear transformations g of V which preserve f2. Any two symplectic vector spaces of 
the same dimension are isomorphic, and Sp(V, £1) acts freely and transitively on the set of isomorphisms 
from (V, Q) to any other symplectic vector space of the same dimension by composition on the right. 
The Lie algebra sp(V, f2) of Sp(V, f2) consists of all linear endomorphisms £ of V satisfying 

fi(ftt,u) +n(u,£t>) = 0, Vu,veV. 

This condition is equivalent to saying that B^(u, v) — Cl(u, £v) defines a symmetric bilinear form B^ on 
V. Conversely, any symmetric bilinear form on V defines an element of sp(V,f2). So as vector spaces 
sp(V, f2) and S 2 V* are isomorphic. In fact, if we consider the natural actions of Sp(V, f2) on both spaces 
we have 

[g.B^){u,v) = B s (g- 1 u,g~ 1 v) = Q,{g~ X U, £,g' 1 v) = ^.{u^gig^v) = B A d^{u,v) 

so that the adjoint representation of Sp(V, fl) is isomorphic to the natural representation of Sp(V, f2) 
on S 2 V* Si S 2 V. 

A compatible almost complex structure j on (V,fl) is an element of sp(V,fl) with j 2 = —1 such 
that Bj is positive definite and we denote the set of compatible almost complex structures by j(V, Q). 
Sp(V, Q) acts transitively on j(V, 0) by conjugation. If we drop the positivity condition, then Sp(V, f2) 
has a finite number of orbits distinguished by the signature of Bj. For our purpose any orbit would do, 
we choose the positive orbit for convenience. 

If j is a compatible almost complex structure on (V, O) then V becomes a complex vector space 
by defining (a + ib)v = av + bjv,\/a,b £ E. Further (u,v)j = Bj(u,v) — iCl(u,v) defines a positive 
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Hermitean structure on V as a complex vector space. Under the action of Sp(V, SI) above, it is clear 
that the stabiliser of j is the unitary group U(V,Sl,j) of this Hermitean structure so that j(V,Sl) = 
Sp(V, Sl)/U(V, fl,j) as homogeneous spaces. 

6.2 Geometry of j(V, Q) 

Since j(V, SI) is a homogeneous space, the tangent space at j can be identified with the quotient of Lie 
algebras Sp(V, Sl)/u(V, Si, j). u(V, Sl,j) consists of all elements of Sp(V, Si) which commute with j so the 
set of elements which anticommutc with j form a complementary subspace 

m j = {tesp{V,tt) | £j + jt = 0}. 
Since j£j £ sp(V, SI) for £ £ sp(V, SI) we have a decomposition 

with £ - j£j £ u(V, j) and £ + j£j e rrij. This shows that sp(V, SI) = u(V, Sl,j) + m.j is a direct sum 
and so we have a natural isomorphism Tjj(V, SI) = rrij. 

The product of two endomorphisms which anticommute with j must commute with j so [nij,m.j] C 
u(V, Sl,j) and hence Sp(V, SY)/U(V, Sl,j) is a symmetric space. In fact this is a realisation of the Siegel 
domain for the symplectic group. The canonical connection is torsion free and any invariant object is 
parallel. 

If we take £ £ m.j then j£ = \ e rtij and, as j varies, £ \— ► j£ defines an almost complex 
structure on Sp(V, Si)/U(V, Q, j) which is clearly Sp(V, f2)-invariant. Being invariant it is parallel and 
being parallel for a torsion-free connection it is integrable and gives the invariant complex structure of 
j(V, SI) as a Hermitean symmetric space. 

If j is an endomorphism of V with j 2 = —1 then j extends complex linearly to the complcxification 
V c and has ±i as eigenvalues with eigenspaces V ± . Then V c = V + + V~ is a direct sum and the 
projections onto these subspaces are given by j ± = ^(1 T ij)- 

Recall that sp(V,Sl) coincides with S 2 V* = S 2 V as representations, j acts on both of these as an 
element of the Lie algebra, and it is clear that the eigenvalues of j on S 2 V C will be sums of eigenvalues 
of j on V c . Thus they are 0, ±2i and the same must hold on sp(V, Sl) c . The zero eigenspace corresponds 
with u(V, Sl,j) c and the ±2i eigenspaces split into and mj . These are the ±i eigenspaces of 
multiplication by j on the left which defined the complex structure. Thus is the space of (1,0) 
tangent vectors to j(V, SI) at j. Since there is no Ai eigenspace on sp(V, Sl) c we have [rty^, m+] = and 
since there is no 3i eigenspace on V c , m^V + = 0. Note that mjV + = V~ so the condition m+V + = 
is a compatibility condition between the complex structures on V and j(V,Sl) which distinguishes the 
two possible invariant complex structures on j(V, SI) and allows us to choose one in preference to the 
other. 

6.3 The bundle J{M,u) of almost complex structures 

We fix a symplectic vector space (V, SI) and consider a symplectic manifold (M, lo) of the same dimension 
as V. A symplectic frame at x E M is a symplectic isomorphism p from (V, SI) to (T X M, u) x ). We denote 
the set of symplectic frames at x by Sp(M, lo) x and the disjoint union of these over x £ M by Sp(M, u>). 
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With the obvious projection map it : Sp(M, ui) — > M, Sp(M, u) is the symplectic frame bundle of (M, w). 
It is a principal Sp(V, O) bundle with Sp(V, f2) acting on the right by composition. 

Denote by J(M,oj) the bundle on M whose fibre at x is j(T x M,w x ). Smooth sections of J(M,oj) 
are almost complex structures on M compatible with the symplectic structure so we call J(M, u>) the 
bundle of compatible almost complex structures. J(M, u>) can also be viewed as the associated bundle 
Sp{M 1 ui) x sp(v,n) j(V, f2) with fibre j(V, fi). Since the latter is homogeneous, J(M, u) can be identified 
with the quotient space Sp(M,w)/U(V,Sl,j) with the identification given by 

Sp(M, u))/U(V, O, j) 3p.U{V,n i j) < — ypojop^e J{M,u). (29) 

Sp(M, oj) has a F-valued 1-form 9 called the soldering form defined by 

9 P (X) =p- 1 (ir*X) 

and a vertical bundle "V with 

■y. p = Kcr 7T* : T p Sp{M,oj) -> T n{p) M 

so y is the kernel of 9. A 1-form on Sp(M, oj) is called horizontal if it vanishes on V. The components 
of 9 span the horizontal forms pointwise. 

If £ G sp(V, O) then £ is the vertical vectorfield on Sp(M,oj) defined by: 

£ P = -t:P exp i£ 

ar t=o 

£p identifies the trivial bundle Sp(M,oj) x 5p(V, O) with T^. Note that the pull-back bundle 
tt~ 1 TM to Sp(M,oj) is also trivial via the map (p, X) {p 1 p~ 1 X) so 6* gives a map TSp(M,oj) — > 
Sp{M 1 oj) xV and an exact sequence of bundles on Sp(M, oj) 

— ► Sp(M, oj) x ap(V,fi) — > TSp(M,oj) — ► Sp(M,oj) xV — ► 0. 

Splitting this exact sequence trivialises the tangent bundle of Sp(M,oj) and makes calculations with 
forms particularly easy. 



6.4 Almost symplectic connections 

A principal connection in Sp(M, oj) is an almost symplectic connection V in TM (a symplectic connec- 
tion additionally has vanishing torsion). It is given by an Sp(V, f2)-valued 1-form a on Sp(M,oj) which 
satisfies a(£) = £ and g*a — Ad g a for all £ 6 sp(V, ft) and g e Sp(V, fi). It follows that Jf = Ker a is 
a complementary subbundle to V which we call the horizontal bundle determined by a. V and a are 
related as follows: if U is an open set in M on which there is a local section s of Sp(M, oj) then sv is a 
vectorfield on U for any fixed v in V and s*a is an sp(V, il)-valued 1-form on U which are related by 

Vx(sv) = s((s*a){X)v) 

or, more compactly, 

s _1 Vs = s*a 

with the appropriate interpretation of the two sides of the equation. 
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The components of the forms a, 9 are linearly independent and span the cotangent spaces of Sp(M, lo) 
at each point so that Sp{M 1 Lo) is parallelisable. This makes the differential geometry on Sp(M,uj) 
especially simple and is the reason why we shall do calculations on Sp(M,co) in preference to M or 
J(M,lu). 

The torsion and curvature of V lift to Sp(M,Lo) as horizontal V- and sp(V, f2)-valued 2-forms t v 
and p v given by 

tJ(X,Y) =p- 1 (Tj {p) (ir«X,Tr«Y)), pJ(X,Y)=p- 1 oR^ {p) (^X,^Y)op. 
These forms can be computed from the corresponding principal connection a by 

T V = d6 + aA6 1 p v =da+^[a/\a] 
where [a A a) denotes simultaneous wedge as forms and Lie bracket of the values. 

6.5 Differential geometry on J(M,u) 

Let 7r be the projection J(M, lo) — > M, then n is a submersion so dir is surjective and we have an exact 
sequence of vector bundles on J(M,lo) 

— ► f — ► TJ(M, lo) 7r _1 TM — ► 

where V now denotes the vertical bundle on J(M,ui). It follows that if j £ J(M,lo) then Yj consists 
of all elements £ of sp(T x M, lo x ) which anticommute with j where x — ir(j). We identify Yj with this 
subspace via the map 

sp (T X M, lu x )3£ < — > — exp if oj'o cxp -i£ 

^ t=o 

End(7r _ 1 TM) has a tautological section which we denote by ^ whose value at j is j £ End(T 7r ( J )M). 
If we denote by sp(M, lo) the bundle of Lie algebras whose fibre at x is sp(T x M, u x ) then ^ is a section 
of 7r _1 sp(M, w). The kernel of ad^ is a bundle u(M,w, ^f) of unitary Lie algebras on J(M, w). The 
range of ad ^ is the elements of ■n^ 1 sp{M 1 uj) which anticommute with ^ and so coincides with the 
tangent space to the fibre, namely the vertical bundle "Y . Thus 

7r _1 sp(M, lo) = u(M, w, t /) + y. 

If V is the almost symplectic connection on TM corresponding to a principal connection a then the 
horizontal distribution is U(V, 0, c /)-invariant and hence projects to a horizontal distribution Jf v on 
J(M,lo). Our next objective is to identify Jf° v directly without going via the frame bundle. 

The Sp(V, CI) connection form a in Sp(M, lo) pulls back to ir*a in TT^ 1 Sp(M, lo) and then pulls back 
to the reduction as a. It has values in sp(V, ft) rather than the Lie algebra u(V, Cl,j ) so it is a Cartan 
connection from the point of view of this reduction. We can split a relative to the decomposition 

sp(V,fi) =u(V,fi,j )emj 

as 

a = a + a . 

Obviously a" is a principal connection in the bundle Sp(M,u>) — ► J(M,lo). a m vanishes on vertical 
vectors for this bundle so is the lift of a Sp(M, Cl) Xu(v,n,j ) m j -valued 1-form. Since this associated 
bundle is Y we clearly have a ^-valued 1-form on J{M 1 lo). 
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Let & be the bundle map TJ(M,lo) — ► 7r _1 .sp(M,w) with image f and kernel Jf v . Then &> 
anticommutes with ^ . Note that can be viewed as a 7r _1 sp(M, w)-valued 1-form. 

Proposition 6.1 The horizontal lift of £P to Sp(M,u>) is a m . 

The almost symplectic connection V induces a connection in Sp(M, lu) and hence its pull-back 
7r _1 V induces one in 7r _1 .5p(M, ui). We can thus take the covariant derivative 7r _1 V ^ which is also a 
7r _1 sp(M, unvalued 1-form. Moreover J 2 = -1 so 7r _1 V J J + jfn- 1 V J = and hence 7r _1 V J 
is "^-valued. These two 1-forms are related by 

Proposition 6.2 

PROOF ^ lifts to ir~ 1 Sp(M, lo) as ^ {j,p) = pojop^ 1 and so on the reduction is given by ^ (oij>)) = 
jo- So it is constant. On the reduction the covariant derivative is then o-*(dJ? + [7?*a, ^]) = [a,j ] = 
[a m ,j ]. □ 

Finally we can describe the horizontal distribution on J(M, lu) directly. 
Corollary 6.3 

/ v = {l£ TJ(M,lu) I K-^xf = 0}. 
6.6 The almost complex structures on J(M, ui) 

If (M, lu) is a symplectic manifold the fibres of J(M,lu) are diffeomorphic to j(V,£l) which has an 
invariant complex structure, which then transfers to each fibre. The tangent bundle to the fibres V thus 
has an endomorphism which gives the almost complex structure of each fibre. Under the identification 
of ~y with endomorphisms of ir~ 1 TM this agrees with left multiplication by ^ . 

If V is an almost symplectic connection on (M, lu) then the horizontal distribution Jf? v is isomorphic 
via dw with ir~ 1 TM and the latter has an endomorphism J! . Since TJ(M,lu) = "f © J4? v there is 
a unique endomorphism J v of TJ(M,lu) which coincides with multiplication by ^ on 'V , and which 
satisfies ditoJ w = ^ 'odir. Clearly J v is an almost complex structure on J(M,lu). Thus we have shown 

Proposition 6.4 //V is an almost symplectic connection on the symplectic manifold (M,to) then there 
is a unique almost complex structure J v on J(M, lu) which satisfies 

• @>oJ v = fo3?, or equivalently, 7r _1 Vjv Xe / = c /n~ 1 VxJ ! for all X ; 

• 0?7ToJ V = ^fodTT. 

It is our goal to prove the following theorem. 
Theorem 6.5 Let V be a connection on the symplectic manifold (M,lu). 

(i) If V is almost symplectic and J v is integrable then there is a symplectic connection V with 
J v ' = J v . 

(ii) //V, V are symplectic connections then J v = J v implies V = V. 
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(Hi) J v is integrable if and only i/V is of Ricci-type. 

The first step is to convert the integrability question into a condition on the frame bundle. This is 
possible since integrability of an almost complex structure is equivalent to its (1,0) forms generating 
a enclosed ideal. Since the map Sp(M, uj) — > J(M, uj) is a submersion, the pull-back of forms is an 
injective map, so any relation amongst forms on J{M, uj) will hold if and only if it holds amongst their 
pull-backs to Sp(M, uj). Thus we will have integrability if and only if a pointwise basis for the pull-backs 
of (1,0) forms generates a d-closed ideal on Sp(M,oj). 

Lemma 6.6 The pull-backs to Sp(M,u>) of (1,0) forms for J v are spanned pointwise by a + = j + aj~ 
and 9 + = j + 9 if a is the connection form for V. 

See [211:: for a proof. An immediate consequence is 

Lemma 6.7 J v is integrable if and only i/j + r v and j + j~ are in the ideal generated by a + ,9 + . 
Proof 

j+r v - d9+ = j+a A 9 = j + (a(j + + j~) A 6) = j + a A 9+ + a + A 9 

and 

j + P 7 r - da+ = j + P V - daj~ = 2-? + [ a > = t a "' a+ ]- 
This gives the Lemma immediately. □ 

Proof of Theorem 16 .51 101: If V is almost symplectic with torsion T v then it is easily verified that the 
connection V' defined by 

uj(VxY, Z) = lu(VxY, Z) - lcu(T v (X, Y), Z) + l u (X, T V (Y, Z)) + L(Y, T V (X, Z)) 

2 6 6 

is a symplectic connection. The connection forms a and a 1 on Sp(M, uj) are related by 

Q(a'u,v) = Q(au,v) - ifi( T v (9,u),v) + Wr v (u,«)) + Wu,t^(9,v)). 

2 6 6 

Hence 

r2(a' + u,w) = Q(a'j~u, j~v) 

= n(a+u,v)-±n(j+T v (ej-u),v) 

+ \n{9, ] +r W {3-u,rv)) + \si{u,j + T V {6,j-v)). 
6 6 

Integrability implies that j + T^ ' (j~u, j~v) = from which one sees that j + t^ (9, j~v) = j + t v {9 + , j~v) 
and hence that a' + is a combination of a + and 9 + so the (1,0) forms of J v and J v agree and hence 
the almost complex structures are the same. 

Proof of Theorem 16.51 JuJ: Suppose V and V are both symplectic connections defining the same 
almost complex structures J v = J v , which will be the case if and only if the components of a' + arc 
combinations of the components of a + and 9 + . If V' = V + B and we lift B to Sp(M, uj) as 

[3 P {X) =p _1 oS 7r(p )(7r*X)op 
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then a' — a + /3 so J v ' = J v if and only if (3+ is a combination of the components of a + and 9 + , and 
since f3 is horizontal, this means (3 + vanishes on (0, 1) vectors. Hence j + B x (j~X)j~Y = for every 
j G j(T x M,u> x ). 

Solving this condition can be converted to a problem in representation theory by observing first that 
it can be re-expressed in terms of the completely symmetric 3-tensor B_(X, Y, Z) = u>(B(X)Y, Z) as 
B_(j~ X, j~Y, j~ Z) = 0. Since the set of such j is Sp(V, 0)-invariant, this says that B_ takes its values 
in an invariant subspace in which there is no 3z eigenvalue for any j as an element of the Lie algebra. 
But S 3 V is irreducible and the 3i eigenvalue does occur (on S 3 V + ) hence the only invariant subspace 
with no 3j eigenvalue is {0}. Thus B = and hence V = V. 

Proof of Theorem l6.5l (|m|) : We again write the integrability condition in terms of representation theory 
as in the proof of injectivity. The point is that j + p v j _ consists of horizontal forms so is in the ideal 
generated by (1,0) forms if and only if j + i?J (j~ X, j~Y)j~ Z = for all j £ j(T x M,ui x ). This is again 
an invariant condition, so it means i? v has to take its values in the largest invariant subspace of the 
space of curvature tensors where there is no 4i eigenvalue of j as an element of the Lie algebra. We 
know that there are two irreducible components to curvature, and one is the Ricci component which is 
isomorphic to symmetric 2-tensors, so only has eigenvalues and ±2i. The other irreducible component 
does have 4d eigenvalues and so for integrability the curvature must be Ricci-type. 

6.7 Generalisations 

The fibres of J(M, ui) are large which is the reason the integrability condition kills off so much of the 
curvature. We can try to find subbundles with smaller fibres which are complex submanifolds of the 
fibres of J(M, u>) and then play the same game with this smaller bundle. For example we might have a 
G-structure P — ► M for some subgroup G of Sp(V, f2) and a complex orbit G/H of G on j(V, ft). Then 
P Xg G/H = P/H will have an almost complex structure for each choice of principal G-connection 
and a similar calculation can be performed to determine when it is integrable. If G is small then 
the curvature and torsion may break into several irreducible pieces more of which may survive the 
integrability condition. On the other hand as G gets smaller it is harder to have such a G-structure 

Alternatively, for a given symplectic connection V we can look at the zero-set of the Nijenhuis tensor 
of J v on J(M,ui) for a given symplectic connection V. If a component of this set turns out to be a 
complex manifold then it can be seen as a twistorial space over M. 

Both these approaches lead to interesting examples of twistor spaces in the Riemannian case. Little 
is yet known in the symplectic case. 

6.8 The bundle J(M,ui) for spaces of Ricci-type 

In view of Theorem 16.51 it is interesting to describe the twistor space J(M,u>) for manifolds of Ricci- 
type in more detail. In particular, since manifolds of Ricci-type can always be obtained locally by the 
reduction process explained in Theorem 14.61 it seems reasonable to expect the bundle J(M,ui) and its 
complex structure to arise as a reduction of some sort as well. It is the aim of this section to look at 
this question. 

First of all, consider the twistor space J(M. 2n+2 , f2') of R 2n+2 with the canonical symplectic structure 
SI', let A e sp{R 2n+2 ,n') and E A := {x E R 2n+2 \ Q'(x,Ax) = 1}. We decompose the tangent spaces 
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at x S Y, A C R™+ 2 as 

X^E^ = span(Ax) © 3> x and T ;E ]R 2 ™ +2 = span(x, Ax) © 

where 3i x is determined by 17'(span(a;, Ax), ^) = 0. Moreover, we have the canonical projection 
7r : Yja D U — > M red where J7 is a sufficiently small open subset such that M red = U/(expM.A) loc is 
a manifold, as explained in Section FOl Recall that the symplectic structure u on M red is determined 
by the requirement that dwl®^ : (3} X ,Q!) — » (T 7T ( x * ) M red ,uj 7: (x)) becomes a symplectic isomorphism. 
Moreover, the Ricci-type connection V on (M red ,uj) is defined by 

V^F = (V^F) 9 , for all vector fields X, Y on M red , 

where the bar denotes the horizontal lift w.r.t. the distribution @, the subscript 3) denotes the image 
under the canonical projection T x M. 2n+2 = span(x, Ax)®@ x — ► iF x , and where V° denotes the canonical 
connection on R 2n+2 . 

Lemma 6.8 Let p : J(M red ,u>) — > M red be the twistor fibration. Then the pull-back of p under the 
map 7r : — » M red is given by the fibration p : 2a — ► Ea where 

Z A := {(x, J) e J(R 2n+2 ,n') | ie S Ex, Jx = Ax, J Ax = -x] , p(x, J) = x 

and the map tt : Za — > J{M red ,ui) is given by 

(rr(J))(v) := dn(Jv), Vv 6 T <x) M red . 

Moreover, J(M red ,uS) is the quotient of Za under the (local) action o/exp(RA) given by 

exp(iA) ■ (x, J) := (exp(tA)x, exp(iA) J exp(-tA)). 

Proof Let x £ E^ and consider an element J G j(T 7T ( x )M red , ui). Using the symplectic isomorphism 
dix x : (2) x ,n') — > (T 7r MM red ,u>), we see that there is a unique way to extend from @ x to R 2rl+2 to give 
an element J s j(R 2n+2 ,f2') with (a;, J) € and tt(x, J) = J. This shows the first assertion. The 
second assertion is straightforward. □ 

After having described J(M red , us) as a manifold as the reduction of Za under the (local) action of 
cxp(RA) it would have been nice to see that the twistor almost complex structure on J(M red , to) coming 
from the reduced connection arose as a quotient from the twistor complex structure on J(R 2n+2 , fi') 
coming from V°. Unfortunately this is not the case. The inverse image by d-fr of the twistor almost 
complex structure on J(M red ,uj) gives an almost complex structure on the quotient of TZa by M.Ha and 
this would be induced from J v ° on J(R 2 ™+ 2 , SI') only if J V °TZ A C TZ A + M.J V " H A - A straightforward 
calculation shows that this last condition is equivalent to 

[A,J}% = 0, V(x,J)eZ A 
and that this condition is too strong for general A. 

7 Ricci-flat connections 
7.1 A construction by induction 

Definition 7.1 A contact quadruple (M, N, a, tt) is a 2n dimensional smooth manifold M, a 2n + 1 
dimensional smooth manifold N, a co-oriented contact structure a on N (i.e. a is a 1-form on N such 
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that a A (da) n is nowhere vanishing), and a smooth submersion 7r : N — > M with da — tt*lo where u> is 
a symplectic 2-form on M. 

Definition 7.2 Given a contact quadruple (M, N, a, tt) the induced symplectic manifold is the 

2n + 2 dimensional manifold 

P := N xR 
endowed with the (exact) symplectic structure 

a := 2e 2s ds A p* x a + e 2s dp\a = d{e 2s p\a) 

where s denotes the variable along K and pi : P — > N the projection on the first factor. 

Induction in the sense of building a (2n+2)-dimensional symplectic manifold from a symplectic manifold 
of dimension 2n is also considered by Kostant in |32|. 

Remark 7.3 

• The vector field S := d s on P is such that i(S)(i = 2e 2s {p\a); hence Lg\i = 2n and S is a conformal 
vector field. 

• The Reeb vector field Z on N (i.e. the vector field Z on N such that i(Z)da = and i(Z)a = 1) 
lifts to a vector field E on P such that: Pi*E = Z and ds(E) = 0. Since i(E)fi — —d(e 2s ), E is a 
Hamiltonian vector field on (P, //) . Furthermore 

[P, S] = 

= -2e 2s . 

• Observe also that if£ = {yGP|s(y) = 0}, the reduction of (P, fi) relative to the constraint manifold 
E (which is isomorphic to N) is precisely (M, u>). 

• For y G P define H y (c T y P) —> E,S < ±M . Then P y is symplectic and (TropjJ^ defines a linear 
isomorphism between H y and T npi t y \M. Vector fields on M thus admit "horizontal" lifts to P. 

We shall now prove that any symplectic connection V on [M, to) can be lifted to a symplectic connection 
on (P, ui p ) which is Ricci-fiat. We shall initially define a connection V p on P induced by V. 

First some notation: 
p denotes the projection p = 7r o p x : P — » M. 
If X is a vector field on M, X is the vector field on P such that 

(i) p*l = X (it) (^Q!)(i")=0 (m) ds(l)=0. 

Recall that P is the vector field on P such that 

(i) = Z (ii) ds(E) = 0. 

Clearly the values at any point of P of the vector fields X,E,S — d s span the tangent space to P at 
that point and we have 

[E,d„] = [E,X} = [d s ,X} = [X,Y]='\XXi-p*Lj(X,Y)E. 
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The formulas for V p are: 





= v x y- 
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where / is a function on M, U is a vector field on M, s is a symmetric 2-tensor on M, and cr is the 
endomorphism of TM associated to s, hence s(X, Y) = u>(X, <jY). 

These formulas have the correct linearity properties and yield a torsion free linear connection on P. 
One checks readily that V p /i = so that V p is a symplectic connection on (P, fj). 

We now compute the curvature i? vP of this connection V p . We get 

R vP (X,Y)Z = R 7(X,Y)Z 

+2uj(X, Y)<jZ - uj(Y, Z)oX + uj(X, Z)oY - s(Y, Z)X + s(X, Z)Y 
+p*[co(X, D(a, U)(Y, Z)) - u(Y, D{a, U)(X, Z)]d s 

R vP (X,Y)E = 2D{a, U) (X, Y) - 2D{a, U) (Y, X) 

+P*[uj{X, |/Y - V Y C7 - 2o 2 Y) - u(Y, \fX - V X U - 2a 2 X)]d s 

R vP {X,E)Y = 2D{a, U)(X, Y) - p* [u(Y, \fX -V X U- 2a 2 X)]d s 

R vP (X,E)E = 2\fX - V X U - 2<r 2 X + p*[Xf + 4s(X, u)]d s 

R vP (X,Y)8 s = R^ P (X,E)d s = 

R vP (X,d s )Y = R vP (X,d s )E = R vP (X,d s )d s = 

R vP (E,d s )X = R vP (E,d s )E = R vP {E, d s )d s = 

where 

D(a, U)(Y, Y') := (Vya)r' + \uj{Y' , U)Y - \uo{Y, Y')U. 
The Ricci tensor r v of the connection V p is given by 

r vP (X,Y) = r v (X,Y) +2(n+ l)s(X,Y) 

r vP {X,E) = -(2n + l)uj(X,u) -2Tr[Y -»• (Vycr)(X)] 

r vP (X,d s ) = 

r^ P (E,E) = 4Tr(o- 2 )-2n/ + 2Tr[X^ V X U] 
r vP (E,d s ) = 
r vP (d s ,d s ) = 

Theorem 7.4 \17Jj In the framework described above, V p is a symplectic connection on (P, /i) for any 
choice of s,U and f. The vector field E on P is affine ( L^\/ p = 0) and symplectic ( L^fi — 0); the 
vector field d s on P is affine and conformal (Lg g fi — 2fi). 
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Furthermore, choosing 



s 
U: 
f 

we have: 

• the connection V p on (P, /j,) is Ricci-flat (i.e. has zero Ricci tensor); 

• if the symplectic connection V on (M, u) is of Ricci-type, then the connection V p on (P, fi) is 
flat. 

• if the connection V p is locally symmetric, the connection V is of Ricci-type, hence V p is flat. 

PROOF The first point is an immediate consequences of the formulas above for r vP . The second point 
is a consequence of the differential identities satisfied by the Ricci-type symplectic connections. The 
third point comes from the fact that (V^ii v Y)T contains only one term in E whose coefficient 
is \W vP (X,Y,T,Z). ' □ 



-1 
2(n+l)' 
u>(U, •) = 
1 

2n(n + l) 2 



2n + 



T Tr[F 



Vyal 



Tr(p v ) 2 + -Tr[X^ V X U]. 



7.2 Examples of contact quadruples 

We give here examples of contact quadruples corresponding to a given symplectic manifold (M, u>) (i.e. 
examples of (N, a, tt) where N is a smooth 2n + 1 dimensional manifold, a is a 1-form on N such that 
a A (da) n is nowhere vanishing, 7r : N — > M is a smooth submersion and da = tt*uj. 

• Let (M, u = dX) be an exact symplectic manifold. Define N = M x R, 7r = pi (=projection 
of the first factor), a = dt + p\X; then (N,a) is a contact manifold and (M,N,a,7r) is a contact 
quadruple. 

The associated induced manifold is P = JV x 1 = M x R 2 ; with coordinates (t, s) on R 2 and 
obvious identification 

fi = c 2s [dX + 2ds A (dt + A) ]. 

• Let (M, lo) be a quantizable symplectic manifold; this means that there is a complex line 
bundle L M with hermitean structure h and a connection V on L preserving h whose curvature 
is proportional to ioj. 

Define N := e L \ = 1} C L to be the unit circle sub-bundle. It is a principal U(l) 

bundle and L is the associated bundle L — N X-u(i) C The connection 1-form on N (representing 

V) is u(l) = iR valued and will be denoted a'; its curvature is da' = ikuo. Define a := ^—a' and 

ik 

n := p\n '■ N — > M the surjective submersion. Then (M,N,a,n) is a contact quadruple. 
The associated induced manifold P is in bijection with Lq = L\ zero section. 

• Let (M, uj) be a connected homogeneous symplectic manifold; i. e. M — G/H where G is 
a Lie group which we may assume connected and simply connected and where H is the stabilizer 
in G of a point xo S M. If p : G — > M : g — > g^o, p*w is a left invariant closed 2-form on G 
and = (p*oj) e , (c=ncutral element of G) is a Chevalley 2-cocyclc on g (=Lic Algebra of G) with 
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values in K (for the trivial representation). 

Notice that £1 vanishes as soon as one of its arguments is in [j (=Lie algebra of H). Let $ji = g©R 
be the central extension of g defined by Q; i. e. 

[(X,a),(Y,b)] = ([X,Y],Q(X,Y)). 

Let t)' be the subalgebra of gi, isomorphic to f), defined by f)' := { (X, 0) | X £ f) }. Let Gi be the 
connected and simply connected group of algebra g, and let H' be the connected subgroup of G\ 
with Lie algebra rj'. Assume H' is closed. 

Then G\/H' admits a natural structure of smooth manifold; define N := Gi/H'. Let p\ : G\ — > G 
be the homomorphism whose differential is the projection gi — > g on the first factor; clearly 
Pi(H') C H. Define ir : N = Gi/H' -> M = G/tf : p 1 {g 1 )H; it is a surjective 

submersion. 

The contact form a on TV is constructed as follows: pi o p*oj is a left invariant closed 2-form on 
Gi vanishing on the fibres of p o pi ; G± — > M. Its value J7i at the neutral element e\ of G\ is 
a Chevalley 2-cocycle of Q\ with values in R. Define the 1-cochain ai : gi — > K : (X, a) — > —a. 
Then fii = 5ai is a coboundary. Let ai be the left invariant 1-form on G\ corresponding to a%. 
Let q : G\ — > G\/H' = N be the natural projection. 

There exists a 1-form a on JV so that q*a = &\. Indeed, for any X G f)' we have 
i(X)ai = ai (X) = 

(L A ai)((y;6)) - -ai{\X,~<yM) = -<*i([X, (Y,b)]) = Q(X,Y) - 

where U is the left invariant vector field on G\ corresponding to U G Q±. Furthermore da = tt*lo 
because both are G\ invariant 2-forms on N and: 

(da) q{ei) ((X,ar N ,(Y,by N ) = (q*da) ei ({X^a),(^b)) 

= (da!) ei ((Xa),6V>)) 

= tl(X,Y), 

- oj Xo (X* m ,Y* M ) 

= (n*cj) q{ei) ((X,ay N ,(Y,b)* N ) 

where we denote by U* N the fundamental vector field on N associated to U € g% . 

• If (M, u>, V) is a simply connected symplectic manifold with a Ricci-type connection we 
have seen in Section f4.4l how to build the manifold TV as a holonomy bundle over M corresponding 
to a connection built on the extension B'(M) of the frame bundle B(M) over M. 

7.3 More about reduction 

Let (P, u p ) be a symplectic manifold of dimension (2n + 2). Assume P admits a conformal vector field 
S: 

Lslo p = 2lj p ; define a := \i{S)lj p so that da = uj p . 
Assume also that P admits a symplectic vector field E commuting with S 

L^lu p = [S,E}=0 {^L^a = 0). 



30 



Define 

H = {x€P\u^S,E) = l} 
and assume that it is non-empty. The tangent space to the hypersurface S is given by 

T X E = kev{i(E)w p ) x = E^ p . 

The restriction of ui P to T X T, has rank 2n — 2 and a radical spanned by E x . 
The restriction of a to E is a contact 1-form on E. 

Let ~ be the equivalence relation defined on E by the flow of E. Assume that the quotient E/ ~ 
has a 2n dimensional manifold M structure so that ir : E — > E/ ~= M is a smooth submersion. 
Define on E a "horizontal" distribution of dimension 2n, Jff, by 

Jtr=>E,S< ± » p , 

and remark that 7r*| : ^ — ► T x=7T ( y )M is an isomorphism. 
Define as usual the reduced 2-form oj m on M by 

^ 7r(!/) (y 1 ,y 2 ) = a;, p (Yi,y 2 ) 

where Y (i = 1, 2) is defined by (i) 7r»Fj = K t (ii) Fj <E J^,. 

Notice that tt*[.E,F] = 0, and uj p (S, [E, Y]) = -L & uj p (S,Y) + Euj p (S,Y) = hence 

[E,Y}=0. 

The definition of lo^ does not depend on the choice of y. Indeed 

Elj p (Y u Y 2 ) = L^ P (Y U Y 2 ) +uj p ([E,Y 1 ],Y 2 )+ w p (Yi, [E, Y 2 ]) = 0. 
Clearly lo m is of maximal rank 2n as is a symplcctic subspace. Finally 

7r*(^ M (Yi,y 2 ,y 3 )) = © (Fra; M (F 2 ,y3)-a; M ([yi,F2],l3)) 

123 

= © (y lW p (r 2 ,y 3 )- w p ([r^y 2 ],F 3 )) 

123 

and 

[Y U Y 2 ] = [Fi,F 2 ]+w p (5, [Yi,y 2 ])S. 
Hence w M is closed and thus symplectic. Clearly 7r*o; M = uj^ = d(a^). 

Remark 7.5 The manifold M is the first element of a contact quadruple (M, E, |a| E , 7r). 

We shall now consider the reduction of a connection. Let (P, uj p ), E, S, E, M, uj m be as above. Let 
V p be a symplectic connection on P and assume that the vector field E is affine (L^\7 P = 0). 
Then define a connection V s on E by 

V^B := V P A B - uj p {V p a B, E)S = V P B + uj p {B, V P A E)S. 

Then V s is a torsion free connection and E is an affine vector field for V s . 
Define a connection V M on M by: 

V^Y 2 (y) = VfY 2 (y) -c p (y 2 ,V p S)E. 

If x G M, this definition does not depend on the choice of y G tt^ 1 (x) and one can check that the 
connection V M is symplectic. 
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Lemma 7.6 '171 Let (P,u p ) be a symplectic manifold admitting a symplectic connection V p , a con- 
formal vector field S, a symplectic vector field E which is affine and commutes with S. If the constraint 
manifold £ = {x 6 P\u) x (S, E) — 1} is not empty, and if the reduction of £ is a manifold M, this 
manifold admits a symplectic structure lo m and a natural reduced symplectic connection V M . 

In particular 

Theorem 7.7 \17Jj Let (P,uj p ) be a symplectic manifold admitting a conformal vector field S (Lsfi = 
2fi) which is complete, a symplectic vector field E which commutes with S and assume that, for any 
x G P, Hx(S, E) > 0. If the reduction of £ = {x 6 P \ fJ, x (S, E) = 1} by the flow of E has a manifold 
structure M with it : £ — > M a surjective submersion, then M admits a reduced symplectic structure u> M 
and (P,oj p ) is obtained by induction from {M, u> ) using the contact quadruple (M, S, ^i(S)ui P s , ir). 
In particular (P,w p ) admits a Ricci-flat connection. 



8 Non- commutative symplectic symmetric spaces 
8.1 Motivations 

After the celebrated example of the quantum torus and related non-commutative spaces 12] , it 
appeared natural to try to define non-commutative spaces through oscillatory integral formulae in the 
same spirit of |39| but with larger symmetry groups — other than R d — implementing this way in our class 
of non-commutative manifolds not only an operator algebraic framework but also a strong geometric 
content. 

In the context of symmetric spaces, this leads to the so-called 'WKB-quantisation of symplectic symmet- 
ric spaces' as introduced by Karasev, Weinstein and Zakrzewski in the mid 90's (see 021 and references 
therein). Originally (cf. |47|h the following question was raised in the framework of Hcrmitean sym- 
metric spaces of the non-compact type M = G/K. 

Question 8.1 Given a G-invariant product on M expressed in the 'WKB form': 

< W)W ='/ m«,*.>«p(>*,*.>U>.M**, (30) 

u JMxM \ u / 

which conditions on the phase function S 6 C°°(M 3 ,R) and on the amplitude oq — ao + 9ai+9 2 a2 + ... 6 
C°°(M 3 ,R)[[6>]] does one need in order to guarantee formal associativity of -kg? 

Weinstein provided some evidence showing that the phase function S should be closely related to the 
three point function denoted hereafter S c&n and (partially) defined as follows. Given three points x,y 
and z in the symmetric space with the property that the equation s x s y s z (X) — X admits a (unique) 
solution X, the value of S caa (x, y, z) is given by the symplectic area 



XYZ 



A 

where XYZ denotes the geodesic triangle with vertices 



X, Y:=s z (X), Z = s y s z (X). 
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The question of characterising geometrically the amplitude was left open. 

Another important aspect in this problematic is to determine whether such a WKB product underlies 
topological function algebras analogous to the continuous field of C*-algebras deforming C(T) in the 
case of the quantum torus Tg. More precisely: 

Question 8.2 Given 9 in some deformation parameter space, does one have a function space Ag 

C C °°(M) cA»C @'{M) 
such that the pair (A$,*g) is a topological G- algebra 1 ? 

In the present section, we survey a geometrical approach to these questions initiated in j^j and based on 
the definition of a class of three point functions, called hereafter 'admissible', on symplectic symmetric 
spaces. Admissible functions are characterised by compatibility properties with the symmetries of the 
symmetric space at hand. We will show how these properties guarantee associativity of the oscillating 
product associated to such an admissible function in the case of a cocyclic function. We will then indicate 
on a curved two dimensional example (a generic coadjoint orbit of the Poincare group in dimension 1+1) 
how the cocycle condition can be relaxed by introducing a non-trivial amplitude in the oscillating kernel. 
We will end by mentioning a result which solves Question 18.21 above in this particular context. Let us 
add that the general results obtained in this direction go far beyond the particular example presented 
here. For instance, the solution for the general solvable symmetric case has led to several universal 
deformation formulae for actions of various classes of solvable Lie groups ^3|§1 El Applications in non- 
commutative geometry (non-commutative causal black holes jjj) as well as in analytic number theory 
(Rankin-Cohen brackets on modular forms ^I]) have been developed. 

8.2 Basic definitions and the cocyclic case 

Denoting hy K := ag e^ s the oscillating kernel defining the product given in (|3U[) . a simple computation 
shows that associativity of -kg is (at least formally) equivalent to the following condition: 

/ K(a,b,t)K(t,c,d)(j,(t)= I K(a,r,d)K(r,b,c)fj,(r), (31) 
Jm Jm 

for every quadruple of points a, b, c, d in M. Equation 13 H obviously holds if one can pass from one 

integrand to the other using a change of variables r = <f(t). This motivates 

Definition 8.3 Let (M, fx) be an orientable manifold endowed with a volume form /i. A three-point 
kernel K £ C°°(M x M x M) is geometrically associative if for every quadruple of points a, b, c, d 
in M there exists a volume preserving diffeomorphism 

¥>: (M,/i) -> (M,n), 

such that for all t in M: 

K(a, b, t)K(t, c, d) = K(a, <p{t), d)K(tp(t),b, c). 

1 that is, an associative algebra underlying a topological vector space on which the group G acts strongly continuously 
by algebra automorphisms. 
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In the sequel, we give sufficient conditions for geometric associativity. From now on, (M,ui,s) denotes 
a symplcctic symmetric space (not necessarily Hermitean). We first observe the following group- like 
cohomological complex naturally associated to our context. 

Definition 8.4 A fc-cochain on M is a totally skew symmetric real-valued smooth function S on M k 
which is invariant under the (diagonal) action of the symmetries {s x } x ^m- Denoting by P k (M), the 
space of fc-cochains, one has the cohomology operator 8 : P k {M) — ► P k+1 (M) defined as 

(5S)(x ,...,x k ) :=^2(-iyS(xo,...,x j ,...,x k ). (32) 

3 

Definition 8.5 A 3-cochain S G P 3 (M) is called admissible if for all x G M, one has 

S(x, y, z) = -S(x, s x (y),z) Vy, z G M. 

A Weyl triple is the data of a symmetric space M endowed with an invariant volume form \i together 
with the data of an admissible 3-cocycle S (i.e. SS = 0). 

Skew-symmetry naturally leads us to adopt the following "oriented graph" type notation for a 3-cochain 
S: 



y 




A change of orientation in such an "oriented triangle" leads to a change of sign of its value. However, 
the value represented by such a "triangle" does not depend on the way it "stands" , only the data of the 
vertices and the orientation of the edges matters. 

Now, consider a Weyl triple (M, li, S), and let A be some (topological) associative algebra. And, for 
compactly supported functions u and v G C£°(M, A), consider the following "product": 

u*v(x)= f u(y)v(zy s(x - v ' z) Li(y)Li(z). 

J MxM 

With the above notation for S, associativity for * now formally takes the following form: 



/ ■ 

J M 



exp i( 




n(t) 



J • 

J M 



exp i{ 




) M(r) , 



(33) 

for every quadruple of points a, 6, c, d in M. 

In the above formula, the diagram in the argument of the exponential in the LHS (respectively the 
RHS) stands for S(a, b, t) + S(t, c, d) (respectively S(a, d, r) + S(t, b, c)). 
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Proposition 8.6 Let (M, /i, S) be a Weyl triple. Then, the associated three-point kernel K = e lS is 
geometrically associative. 

Proof. Fix four points a,b,c 7 d. Regarding Definition 18.31 and formula (|33[1 . one needs to construct our 
volume preserving diffeomorphism tp : [M, fj,) {M, jS) in such a way that for all t, 




We first observe that the data of four points a, b, c, d determines what we call an "S-barycentre" , that 
is a point g = g(a, b, c, d) such that 





any continuous path joining a to c contains such a point g. 
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Now, we fix once for all such an S'-barycentre g for {a, b, c, d} and we adopt the following notation. 
For all x and y in M, the value of S(g, x, y) is denoted by a "thickened arrow" : 




def. 



Again, a change of orientation in such an arrow changes the sign of its value. Also, admissibility which 
has the form 



implies 





sx{y) 



X 



V _ x s g {y) 



-9 »- 



for all x and y in M. While, from cocyclicity, one gets 





Moreover, the barycentric property of g can be written 



a ,_ 



-.6 
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Hence 





Remark 8.7 Given a symplectic symmetric space Weinstein's function Scan turns out to be admissible 
(wherever it's well-defined) j^j- However, the curvature is the obstruction to the cocyclicity of Scan- 

8.3 A curved example: SO(l, 1) x R 2 /R 

In what follows, we analyse in some details the case of the solvable symplectic symmetric surface 
M = SO(l, 1) x R 2 /IR. As a homogeneous symplectic manifold it can be realised as a generic coadjoint 
orbit of the Poincare group G = SO (1, 1) x M 2 . In the dual g* of Lie algebra g of G, the orbit M sits as 
hyperbolic cylinder. In this picture, the geodesies of the canonical symplectic symmetric connection V 
are planar sections of M cl 3 . The affine manifold [M, V) turns out to be strictly geodesically convex. 
Moreover, given three points x,y,z in M, the equation s x s v s z (t) = t has always a (unique) solution 
t G M. In particular, Weinstein's function Scan is everywhere defined on M x M x M . Within suitable 
global Darboux coordinates (M, u>) ~ (M 2 , da A d£), the symmetry at (a, £) has the following expression: 

S( a .i){a'J') = (2a-a',2cosh(a-a')£-£') ; (34) 
while Weinstein's function is given by 

ScanKai,^), (02,40,(03,40)= & smh( ai - a 2 )£ 3 . (35) 

1,2,3 

Observe that in this coordinate system one sees how far M is from being flat: indeed replacing, in the 
expression of the symmetry map, the function 

A : M x M -> R : ( (a, 1) , (a', £') ) ^ cosh(a - a') (36) 
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by the constant function 1 would yield the flat plane. This function turns out to be exactly the one 
which twists the volume form oj A u) on M x M in the expression of a WKB quantisation product . More 
precisely, one has 

Theorem 8.8 '5/ There exist Frechet function spaces {^e}ggR such that 
(i) for all 9, one has 

C^(M)C^ CC OO (M) 

(ii) the formula 

defines an associative product on ,e/g 9 =/= 0. Each pair (s/$,-k$) is then a Frechet algebra. 

(Hi) For u and v smooth compactly supported functions on M, one has an asymptotic expansion in 
powers of 9: 

q 

u -kg v ~ uv + tt{w, v} + higher order terms 
where { , } denotes the Poisson structure associated to the symplectic form uj. 

An analysis of the G-equivariant (formal) equivalences yields a WKB expression for every star product 
on M from the data of the preceding one. More precisely, one has 

Proposition 8.9 J^j Let £P £ C°°(R)[[#]] be a formal function on R. Then, an asymptotic expansion 
in powers of 9 of the following oscillatory integral 

(u*f «)(*) = ! / ^ ~ a ; )&>{a \ " " x) A°(y, z) exp (l g can (x, y, z)) u{y) v(z) dy dz (37) 

yields a G -invariant star product on M. Moreover, every G -invariant star product on M may be 
described this way. The choice 

0»{a) = ^cosh(a) (38) 
yields a strongly closed star product on M (i.e. fu* sc v = J uv). 

Now intrinsically, the amplitude of the oscillating kernel defining the above strongly closed star product 
may be described geometrically as follows. Let 

$ : M x M x M -» M x M x M : (x, y, z) ^ (X, Y, Z) (39) 

with 

s x s y s z (X)=X , Y = s z {X), Z = s y {Y). (40) 
Now consider the Jacobian map of <&: 

8(X,Y,Z) 



Jac$(x, y, z) 



d{x,y,z) 



(41) 



Then, it turns out that in the above coordinate system the function Jac$ depends only on the a- 
coordinates of the points and that its square root coincides with the above mentioned amplitude. More 
precisely, one has 
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Theorem 8.10 Let 9 > 0. For u and v compactly supported functions on M , the formula 

u-k' e c v := — [ \J Jac$ e^ Scan u®v (42) 

" JMxM 

extends to L 2 (M) as an associative product. The function algebra (L 2 (M),*g c ) is then a Hilbert algebra 
with respect to the natural Hilbert space structure on L 2 {M). 

From this a continuous field of C*-algebras deforming Co(M) may be obtained via standard techniques 
(see e.g. [SS] for the fiat case and [5] for curved solvable symmetric spaces). 
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